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problemAbstract Non-polynomial spline functions of the form Span{1, x, x2;x3;x4;x5; cosðkxÞ þ exg,
where k can be real or pure imaginary, are used to ﬁnd the numerical solution of linear ﬁfth-order
boundary value problems. The order of convergence of the method is observed to be of Oðh2Þ. A
ﬁfth order convergent method is deﬁned with the help of improved end-conditions. Three examples
are considered to show the reliability and efﬁciency of the method. The numerical results, obtained,
endorse the improved order of convergence of the method.
2010 MATHEMATICS SUBJECT CLASSIFICATION: 34-XX; 34BXX; 34LXX; 34M03
ª 2014 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.1. Introduction
The behavior of an induction motor with two rotor circuits is
represented by a ﬁfth-order differential equation model. This
model contains two stator state variables, two rotor state vari-
ables and one shaft speed. Normally, two more variables must
be added to account for the effects of a second rotor circuit
representing deep bars, a starting cage or rotor distributed
parameters. To avoid the computational burden of additional
state variables when additional rotor circuits are required,
model is often limited to the ﬁfth order and rotor impedanceis algebraically altered as function of rotor speed. This is done
under the assumption that the frequency of rotor currents de-
pends on rotor speed. This approach is efﬁcient for the steady
state response with sinusoidal voltage [1].
Fifth-order boundary value problems also arise in the math-
ematical modeling of viscoelastic ﬂuids [2,3]. Agarwal presented
the conditions for existence and uniqueness of solutions of such
problems [4]. Caglar et al. [5] used sixth degree B-spline to solve
ﬁfth-order linear and non-linear boundary value problems. Sid-
diqi and Twizell [6–9] presented the solutions of 6th, 8th, 10th
and 12th order boundary value problems using 6th, 8th, 10th
and 12th degree splines, respectively. Siddiqi and Akram solved
the ﬁfth-order linear special case boundary value problem using
sextic spline and non-polynomial spline technique [10,11]
respectively. Noor and Mohyud-Din [12] used a decomposition
method to ﬁnd the solution of ﬁfth-order boundary value prob-
lems in terms of convergent series. Viswanadham et al. [13] used
collocationmethodwith sixth degreeB-splines as basis functions
to solve ﬁfth-order special case boundary value problems.
Application of non-polynomial spline to the solution 21Akram andRehman [14] used reproducing kernel space method
to ﬁnd approximate solutions to ﬁfth-order boundary value
problems. Siddiqi et al. [15] used non-polynomial spline for
the numerical solutions of ﬁfth-order singularly perturbed
boundary value problems. Viswanadham and Raju [16] devel-
oped a ﬁnite element method involving collocation method with
quartic B-splines as basis functions.
In this paper, non-polynomial spline functions of the form
Tn ¼ Spanf1; x; x2; x3; x4; x5; cosðkxÞ þ exg
are used to develop the technique for the solution of ﬁfth-order
boundary value problems. It is to be noted that k can be real or
pure imaginary. The ﬁfth-order boundary value problem
(BVP) of the following form has been considered
yð5ÞðxÞ þ fðxÞyðxÞ ¼ gðxÞ; x 2 ½a; b
yðaÞ ¼ a0; yðbÞ ¼ b0;





where a0, a1, a2, b0 and b1 are ﬁnite real constants, also fðxÞ
and gðxÞ are continuous on ½a; b.
2. Preliminary results
The interval ½a; b of domain has been subdivided into n equal
subintervals using the grid points xi ¼ aþ ih; i ¼ 0; 1; . . . ; n,
where h ¼ ðbaÞ
n
.
Consider the following restriction Si of S to each subinter-
val ½xi; xiþ1; i ¼ 0; 1; . . . ; n 1,
SiðxÞ ¼ aifcoskðx xiÞ þ eðxxiÞg þ biðx xiÞ5
þ ciðx xiÞ4 þ diðx xiÞ3 þ eiðx xiÞ2
þ fiðx xiÞ þ gi ð2:2Þ
Let
yi ¼ SiðxiÞ; mi ¼ Sð1Þi ðxiÞ;
Mi ¼ Sð3Þi ðxiÞ; li ¼ Sð5Þi ðxiÞ;
)
ð2:3Þ
where i ¼ 0; 1; . . . ; n.
Using (2.3), the coefﬁcients in (2.2) are determined as
ai ¼ h
5ðli þ liþ1Þ
h5ð1þ ehÞ  h5 þ h5 cos h ;
bi ¼ ðe
hh5 þ h5 cos hÞli  ðh5 þ h5Þliþ1
120fh5ð1þ ehÞ  h5 þ h5 cos hg ;
ci ¼ hð240þ 240e
h  120h 120ehhþ 20h3 þ 3ehh5Þ
240fh5ð1þ ehÞ  h5 þ h5 cos hg

þ hð120hþ 20h
3 þ 3hð40 h4Þ cos h 240 sin hÞ




h  120h 120ehhþ 20h3 þ 3h5Þ
240fh5ð1þ ehÞ  h5 þ h5 cos hg

þ hð120h 20h
3 þ 3h5  120h cos hþ 240 sin hÞ











h2ðh3  h3Þðli  liþ1Þ




3ð480þ 480eh  360h 120ehh 20h3 þ ehh5Þ
240fh5ð1þ ehÞ  h5 þ h5 cos hg

þ h
3ð360hþ 20h3 þ hð120þ h4Þ cos hþ 480 sin hÞ




3ð480þ 480eh  360h 120ehh 20h3 þ h5Þ
240fh5ð1þ ehÞ  h5 þ h5 cos hg

 h
3ð360hþ 20h3 þ h5  120h cos hþ 480 sin hÞ











4ðhþ hÞðli  liþ1Þ
h5ð1þ ehÞ  h5 þ h5 cos hþmi;
gi ¼
h5ðli  liþ1Þ
h5ð1þ ehÞ  h5 þ h5 cos hþ yi; ð2:4Þ
where h ¼ kh and i ¼ 0; 1; . . . ; n 1.
The following consistency relations are derived by applying
the second, third and fourth derivative continuities at knots,
i.e. S
ðkÞ










¼ 0; i¼ 1;2; . . . ;n1;
ð2:5Þ
h2f120 120eh þ 60hþ 60ehh 5h3  5ehh3 þ ehh5g
5fh5ð1þ ehÞ  h5 þ h5 cos hg

þ h
2f60hþ 5h3 þ hð60þ 5h2 þ h4Þ cos h 120 sin hg




2f120 120eh þ 60hþ 60ehh 5h3  5ehh3 þ h5g
5fh5ð1þ ehÞ  h5 þ h5 cos hg

þ h
2f60hþ 5h3 þ h5 þ 5hð12þ h2Þ cos h 120 sin hg
5fh5ð1þ ehÞ  h5 þ h5 cos hg

li
þ 12 mi1 þmi
h2
 
 Mi1 þMið Þ þ 24 yi1  yi
h3
 
¼ 0; i ¼ 1; 2; . . . ; n; ð2:6Þ
hf240 240eh þ 120hþ 120ehh 20h3  10ehh4 þ 7ehh5g
10fh5ð1þ ehÞ  h5 þ h5 cos hg

þ hf120hþ 20h
3 þ hð120þ 7h4Þ cos h 10ð24þ h4Þ sin hg




h  240h 240ehhþ 40h3 þ 10h4 þ 10ehh4  7h5 þ 3ehh5g
10fh5ð1þ ehÞ  h5 þ h5 cos hg

þ hf240h 40h
3  7h5 þ 3hð80þ h4Þ cos hþ 10ð48þ h4Þ sin hg




h þ 120hþ 120ehh 20h3  10h4  3h5g
10fh5ð1þ ehÞ  h5 þ h5 cos hg

þ hf120hþ 20h
3  3h5 þ 120h cos h 240 sin hg
10fh5ð1þ ehÞ  h5 þ h5 cos hg

liþ1
þ 12 mi1 miþ1
h3
 
 2 Mi1 Mi
h
 
þ 24 yi1  2yi þ yiþ1
h4
 
¼ 0; i ¼ 1; 2; . . . ; n 1: ð2:7Þ
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terms of ﬁfth derivative of spline li and yi; i ¼ 0; 1; . . . ; n, are
derived
h5 120ð1 eh þ ehhÞ  60ehh2 þ 20ehh3  5ehh4 þ ehh5
þhð120 20h2 þ h4Þ cos h 5ð24 12h2 þ h4Þ sin hli3
þ 600ð1þ ehÞ  120ðhþ 4ehÞ þ 60h2ð1þ 2ehÞ
þ20h3ð1þ 2ehÞ  5h4ð1þ 10ehÞ þ h5ð1þ 26ehÞ
120hþ 20h3  h5 þ 2hð240 20h2 þ 13h4Þ cos h
10ð60þ 12h2 þ 5h4Þ sin hli2 þ 2 600ð1þ ehÞ
þ240hþ 360ehh 60h2  20h3ð1þ 3ehÞ þ 25h4
þh5ð13þ 33ehÞ þ 240hþ 20h3  13h5
þ3hð120þ 20h2 þ 11h4Þ cos h 600 sin hli1
þ 2 600ð1þ ehÞ  360h 240ehh 60ehh2
þ20h3ð3þ ehÞ þ 25ehh4 þ h5ð33þ 13ehÞ  360h
60h3  33h5 þ hð240 20h2 þ 13h4Þ cos h
þ5ð120þ 12h2 þ 5h4Þ sin hli þ 600ð1þ ehÞ
þ120hð4þ ehÞ þ 60h2ð2þ ehÞ þ 20h3ð2þ ehÞ
þ5h4ð10þ ehÞ þ h5ð26þ ehÞ þ 480hþ 40h3
26h5 þ hð120 20h2 þ h4Þ cos hþ 5ð120 12h2
þh4Þ sin hliþ1  120ð1þ ehÞ þ 120hþ 60h2
þ20h3 þ 5h4 þ h5 þ 120h 20h3 þ h5  120 sin hliþ2	

 120fh5ð1þ ehÞ  h5 þ h5 cos hg 	
¼  yi3  5yi2 þ 10yi1  10yi þ 5yiþ1  yiþ2
 
;
i ¼ 3; 4; . . . ; n 2: ð2:8Þ
The above relation can be expressed as
h5 ali3 þ bli2 þ cli1 þ dli þ fliþ1 þ gliþ2ð Þ
¼ ðyi3  5yi2 þ 10yi1  10yi þ 5yiþ1  yiþ2Þ;
i ¼ 3; 4; . . . ; n 2; ð2:9Þ
where
a ¼ ½120ð1 eh þ ehhÞ  60ehh2 þ 20ehh3  5ehh4 þ ehh5
þ hð120 20h2 þ h4Þ cos h 5ð24 12h2 þ h4Þ




c ¼ ½2f600ð1þ ehÞ þ 240hþ 360ehh 60h2  20h3ð1þ 3ehÞ
þ 25h4 þ h5ð13þ 33ehÞ þ 240hþ 20h3  13h5 þ 3hð120
þ 20h2 þ 11h4Þ cos h 600 sin hg=½120fh5ð1þ ehÞ  h5
þ h5 cos hg;
d ¼ 2½600ð1þ ehÞ  360h 240ehh 60ehh2 þ 20h3ð3þ ehÞ
þ 25ehh4 þ h5ð33þ 13ehÞ  360h 60h3  33h5
þ hð240 20h2 þ 13h4Þ cos hþ 5ð120þ 12h2 þ 5h4Þ
 sin h=½120fh5ð1þ ehÞ  h5 þ h5 cos hg;
f ¼ ½600ð1þ ehÞ þ 120hð4þ ehÞ þ 60h2ð2þ ehÞ þ 20h3
 ð2þ ehÞ þ 5h4ð10þ ehÞ þ h5ð26þ ehÞ þ 480h
þ 40h3  26h5 þ hð120 20h2 þ h4Þ cos h
þ 5ð120 12h2 þ h4Þ sin h=½120fh5ð1þ ehÞ




The relation (2.9) represents a system of ðn 4Þ linear equa-
tions in the ðn 1Þ unknowns yi; i ¼ 1; 2; . . . ; n 1, while
li ¼ fiyi þ gi; i ¼ 0; 1; 2; . . . ; n from BVP (1.1). In order to ﬁnd
the unique solution of the system , three more equations are
required. These are given by the end-conditions derived by Sid-
diqi and Akram [10], as
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ln þ ln4 ¼ 1
h5
25yn  48yn1 þ 36yn2  16yn3½






The solution of the BVP (1.1) is deﬁned in the next section.
3. Non-polynomial spline solution
Considering Y ¼ ½y1; y2; . . . ; yn1T, the system of equations
represented by Eqs. (2.9)–(2.12) can be expressed in matrix
form as
ðAþ h5BFÞY ¼ C; ð3:13Þ
where
A¼











5 10 10 5 1








1 5 10 10 5 1
1 5 10 10 5







0 0 0 1
1 0 0 0 1
b c d f g








a b c d f g
a b c d f






C ¼ ½c1; c2; . . . ; cn1T
and
F ¼ diagðfiÞ; i ¼ 1; 2; . . . ; n 1:
Moreover,
c1 ¼ 25y0  12hyð1Þ0 þ h5
7
5
ðg0  f0y0Þ þ g4
 
; ð3:14Þ









0 þ h5ðg1 þ g5Þ; ð3:15Þ
c3 ¼ h5ðaðg0  f0y0Þ þ bg1 þ cg2 þ dg3 þ fg4 þ gg5Þ  y0
ð3:16Þ
ci ¼ h5ðagi3 þ bgi2 þ cgi1 þ dgi þ fgiþ1 þ ggiþ2Þ;
i ¼ 4; 5; . . . ; n 3; ð3:17Þ
cn2 ¼ h5ðgðgn  fnynÞ þ fgn1 þ dgn2 þ cgn3
þ bgn4 þ agn5Þ þ yn ð3:18Þand
cn1 ¼ 25yn þ 12hyð1Þn þ h5
7
5
ðgn  fnynÞ þ gn4
 
: ð3:19Þ4. Order of truncation error
The local truncation error associated with the system of equa-






















k¼ 3;4;5; . . . ;n2:
8>>>>>>>>>>>>><
>>>>>>>>>>>>>:
The truncation error of the end-conditions 2.10, 2.11 and 2.12
is of Oðh7Þ. Therefore the truncation error of proposed method
is of Oðh7Þ for arbitrary values of parameters a; b, c; d; f and g
provided aþ bþ cþ dþ fþ g ¼ 1 and f ¼ 1
2
ð1þ 6aþ 4bþ
2c 4gÞ. It may be noted that the truncation error may be
improved by changing the choice of a; b; c; d; f and g as
discussed in the following section.
5. Improved order of truncation error
For a ¼ g ¼ 0; b ¼ f ¼ 1
24
and c ¼ d ¼ 11
24
, the local truncation




h11yð11ÞðtkÞ þOðh12Þ; k ¼ 3; 4; 5; . . . ; n 2:
The corresponding end-conditions with truncation error of
Oðh10Þ can be expressed as
l0 þ 191l1 þ 291l2 þ 21l3 þ l4
¼ 1
h5
½5250y0  10; 080y1 þ 7560y2  3360y3 þ 630y4
þ 2520hyð1Þ0 þ h5yð5Þ0 ; ð5:20Þ
l1  42; 817; 426
204; 875
l2 þ 40; 011; 758
204; 875
l3  4; 876; 054
204; 875
l4
þ l5 ¼ 1
h5





























Table 1 Maximum absolute errors associated with yis when
truncation error of method is of Oðh7Þ.
Example no. h ¼ 110 h ¼ 120
1 1:6322 107 1:8613 198
2 4:6894 106 1:0499 106
Table 2 Maximum absolute errors associated with yis when
truncation error of method is of Oðh10Þ.
Example no. h ¼ 110 h ¼ 120
1 3:1495 1012 2:1716 1013
2 1:0283 1010 1:1052 1012




Proposed method with truncation
error of Oðh7Þ
8:9823 105 2:5208 105
Proposed method with truncation
error of Oðh10Þ
2:9465 1010 8:4088 1013
Siddiqi and Akram [11] 1:287 104 2:7918 105
Siddiqi and Akram [10] 2:2593 104 1:33 105
Caglar et al. [5] 0.1570 0.0747
Table 5 Maximum absolute errors in yis.
h 110
Proposed method with truncation error of Oðh7Þ 8:9823 105
Proposed method with truncation error of Oðh10Þ 2:9465 1010
Kasi Viswanadham and Raju [16] 5:8711 106
Figure 1 Exact and approximate solution for Example 1.
Figure 2 Exact and approximate solution for Example 2.
Figure 3 Exact and approximate solution for Example 3.
24 S.S. Siddiqi, M. Sadafln þ 191ln1 þ 291ln2 þ 21ln3 þ ln4
¼ 1
h5
½5250yn þ 10; 080yn1  7560yn2 þ 3360yn3
 630yn4 þ 2520hyð1Þn þ h5yð5Þn : ð5:22Þ
The truncation error associated with the improved method
is of Oðh10Þ.
6. Numerical results
To check the accuracy of the proposed method, three bound-
ary value problems are considered in this section. The numer-
ical results are summarized in Tables 1–5. For the method with
truncation error of Oðh7Þ, the results for Examples 1–3 are also
expressed graphically using n ¼ 20 in Figs. 1–3 respectively.
The dotted line represents the curve corresponding to theTable 4 Absolute errors in yis h ¼ 110
 
.
x Proposed method with truncation
error of Oðh7Þ




0:1 8:3774 107 3:5971 1011 2:2352 108
0:2 6:0845 106 1:1782 1010 4:7684 107
0:3 2:4434 105 2:0565 1010 1:8775 106
0:4 5:0424 105 2:7051 1010 2:8610 106
0:5 7:5565 105 2:9465 1010 4:1723 106
0:6 8:9823 105 2:7173 1010 5:3644 106
0:7 8:5219 105 2:0715 1010 5:8711 106
0:8 5:9953 105 1:1832 1010 4:6194 106
0:9 2:3104 105 3:5059 1011 2:2352 106
Application of non-polynomial spline to the solution 25analytic solution whereas the solid line corresponds to the
approximate solution.
Example 1. For x 2 ½0; 1, the following boundary value
problem is considered
yð5ÞðxÞ þ sinxyðxÞ ¼ cos xð1þ sinxÞ þ sin xðsinx 1Þ;
yð0Þ ¼ 1; yð1Þ ¼ cosð1Þ þ sinð1Þ;





The analytic solution of this differential system is
yðxÞ ¼ cosðxÞ þ sinðxÞ:Example 2. For x 2 ½0; 1, the following boundary value
problem is considered
yð5ÞðxÞ þ yðxÞ ¼ 4ex cosðxÞ þ 2exð1 sin xÞ þ 5ex sin x;
yð0Þ ¼ 1; yð1Þ ¼ eð1 sinð1ÞÞ;





The analytic solution of this differential system is
yðxÞ ¼ exð1 sinðxÞÞ:
Example 3. The following boundary value problem is
considered
yð5ÞðxÞ  yðxÞ ¼ ð15þ 10xÞex; 0 6 x 6 1;
yð0Þ ¼ 0; yð1Þ ¼ 0;





The analytic solution of this differential system is
yðxÞ ¼ xð1 xÞex:
The errors associated with yis are compared with numerical
results shown in [11,10,5,16] as given in Tables 3–5.
Here values of the parameters a; b; c; d; f and g, for second















The mathematical modeling of behavior of an induction motor
often involves ﬁfth-order boundary value problem. Such prob-
lems arise when induction motor has two rotor circuits and the
frequency of rotor currents is not independent of rotor speed.
In this paper, spline functions of the form Span{1, t; t2; t3; t4,
t5; cosðjtÞ þ et} are introduced to approximate the solutions
of ﬁfth-order boundary value problems of type (1.1). The
application of method is illustrated with the help of three
numerical examples. The third example has, specially, beenchosen as this is the most suitable example for the comparison
of the method developed. Maximum absolute errors are calcu-
lated for each of the examples considered. It is observed that
the method is second order convergent for arbitrary values
of a; b; c; d; f and g, provided their sum remains 1 and
f ¼ 1
2
ð1þ 6aþ 4bþ 2c 4gÞ. The method, along with im-
proved end-conditions, has also been applied to the same three
examples which show that the improved method is ﬁfth order
convergent. The results for Example 3 are compared with the
methods proposed by Viswanadham and Raju [16], Siddiqi
and Akram [11,10] and Caglar et al. [5]. Tables 3–5 show that
the proposed method gives better numerical results and is a
reliable technique for solving special ﬁfth-order linear BVPs.Acknowledgement
The authors are thankful to the referees for their valuable
comments.
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